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Abstract. Large-grain synchronous dataflow graphs or multi-rate graphs have the distinct feature that the nodes
of the dataflow graph fire at different rates. Such multi-rate large-grain dataflow graphs have been widely regarded as a powerful programming model for DSP applications. In this paper we propose a method to minimize buffer storage requirement in constructing rate-optimal compile-time (MBRO) schedules for multi-rate
dataflow graphs. We demonstrate that the constraints to minimize buffer storage while executing at the optimal computation rate (i.e. the maximum possible computation rate without storage constraints) can be formulated as a unified linear programming problem in our framework. A novel feature of our method is that in
constructing the rate-optimal schedule, it directly minimizes the memory requirement by choosing the schedule time of nodes appropriately. Lastly, a new circular-arc interval graph coloring algorithm has been proposed
to further reduce the memory requirement by allowing buffer sharing among the arcs of the multi-rate dataflow
graph.
We have constructed an experimental testbed which implements our MBRO scheduling algorithm as well as
(i) the widely used periodic admissible parallel schedules (also known as block schedules) proposed by Lee and
Messerschmitt (IEEE Transactions on Computers, vol. 36, no. 1, 1987, pp. 24–35), (ii) the optimal scheduling
buffer allocation (OSBA) algorithm of Ning and Gao (Conference Record of the Twentieth Annual ACM SIGPLANSIGACT Symposium on Principles of Programming Languages, Charleston, SC, Jan. 10–13, 1993, pp. 29–42),
and (iii) the multi-rate software pipelining (MRSP) algorithm (Govindarajan and Gao, in Proceedings of the 1993
International Conference on Application Specific Array Processors, Venice, Italy, Oct. 25–27, 1993, pp. 77–88).
Schedules generated for a number of random dataflow graphs and for a set of DSP application programs using
the different scheduling methods are compared. The experimental results have demonstrated a significant improvement (10–20%) in buffer requirements for the MBRO schedules compared to the schedules generated by
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the other three methods, without sacrificing the computation rate. The MBRO method also gives a 20% average
improvement in computation rate compared to Lee’s Block scheduling method.
Keywords: buffer minimization, dataflow graphs, Digital Signal Processing (DSP) computation, Multi-Rate
Software Pipelining, Regular Stream Flow Graphs, software pipelining
1.

Introduction

Large-grain synchronous dataflow graphs (originally
proposed by Lee and Messerschmitt [1] and subsequently used by [2, 3]) have been widely accepted as
a powerful programming model for DSP applications.
Here large grain means that each task in the applications generates (or consumes) multiple, sometimes in
tens or even in hundreds, samples per invocation. Each
of these tasks represent operations such as an FIR filter, FFT, or bandshifting. Synchronous means that the
amount of input consumed by each task, and the amount
of output generated, are known a priori and are fixed.
Large-grain regular dataflow networks are important as
they can represent a large class of DSP computations,
such as speech coding, auto-correlation, power spectrum, voice band modulation, and a variety of filters
[1, 2].
A large-grained dataflow graph consists of tasks
(also called nodes or actors) and arcs (or channels)
representing communication between tasks. The communication can be viewed as a sequence of tokens passing through an arc. The temporal sequences of values
passed along the communication channels can be
viewed as streams. A Stream is an abstraction of temporal sequence of values. Therefore, in this paper, we call
these graphs Regular Stream Flow Graphs (RSFGs).
(These graphs are called synchronous dataflow graphs
by Lee and Messerschmitt [1].) Actually, the RSFG
model is a subset of the more general Stream Flow
Graph model developed in [4] for DSP applications.
In this paper, we investigate the construction of efficient compile-time (static) schedules as opposed to
run-time (dynamic) schedules for DSP programs expressed using RSFGs. Compared to the scheduling of
conventional (also known as homogeneous) dataflow
graphs [5], a distinct feature of the scheduling problem
for RSFGs is that the production and consumption rates
of tokens on an arc in an RSFG may be different. As a
consequence the actors of the RSFG may be executed
at different rates—hence the name multi-rate—in order
not to accumulate tokens on any of the arcs.
We are interested in the class of RSFGs which
may contain feedback loops representing the prece-

dence constraints between successive iterations. In a
schedule for such an RSFG, operations from successive iterations can be overlapped without violating the
precedence constraints. Such overlapped or softwarepipelined schedules [6–8] are desirable as they maximize the computation rate, which is measured in number of iterations completed per unit time.
A major challenge facing researchers in constructing
schedules for RSFGs is taking tradeoff decisions between computation rate and the storage requirements.1
In other words,
Given an RSFG, how does one find a schedule which
minimizes buffer space requirement while still executing the program graph at an optimal computation
rate?
By optimal computation rate, we mean the maximum
possible computation rate without any storage constraints. Henceforth, we refer to the above problem as
Minimizing Buffer requirements under Rate-Optimal
schedules (MBRO) problem.
Our earlier work on scheduling RSFGs, called MultiRate Software Pipelining (MRSP) [9, 10], discusses
a method to construct rate-optimal schedules without
taking buffer constraints into account. In this work, we
extend this framework to address the MBRO problem.
We demonstrate that the constraints to minimize the
buffer requirements under rate-optimal schedules can
be formulated as a unified linear programming problem. The objective of this linear programming problem is to minimize the total buffer requirements. A
novel feature of our scheduling framework is that it
directly minimizes the memory requirement by choosing the schedule time of the nodes appropriately in
constructing the schedule for the optimal computation
rate. Lastly, to further reduce the memory requirement
of our MBRO schedules, we develop a method that allows sharing of buffers among the arcs of the RSFG.
We propose a new greedy algorithm for performing
buffer sharing. One major application of the proposed
MBRO formulation, its solution, and the greedy algorithm for buffer sharing is in software synthesis of DSP
applications [3, 11, 12].

Minimizing Buffer Requirements

Both in constructing the MBRO schedules, and in reducing the memory requirement by buffer sharing, we
are concerned, in this paper, only about the memory
requirement of data (streams) communicated explicitly by the arcs of an RSFG. The storage requirement
for the internal variables of the nodes of the RSFG
is not considered here since this is abstracted at the
RSFG model. Hence, without loss of generality, we
have assumed that the storage for these internal variables do not change with different schedules. However,
when the storage requirement for internal variables do
change with various schedules, these variables can be
modeled by explicit self arcs on the nodes.
In order to evaluate the performance of our scheduling algorithm and to compare it with other scheduling methods, we have constructed an experimental
scheduling testbed. In this testbed, in addition to our
MBRO scheduling method, we have implemented three
other scheduling algorithms, namely (i) the periodic
admissible parallel schedules, also known as block
schedules, proposed by Lee and Messerschmitt [1], (ii)
the optimal scheduling buffer allocation (OSBA) algorithm of Ning and Gao [13], and (iii) our own multirate software pipelining (MRSP) algorithm [9, 10]. As
in [14], to obtain general trends over a broad range
of test inputs, we propose to evaluate our scheduling
method on randomly generated RSFGs. We will supplement these results with those obtained from a set
of sample DSP algorithms. The buffer requirements of
the schedules generated by the various scheduling algorithms are compared. The experimental results have
demonstrated a significant improvement (10–20% on
the average) in buffer requirements for the MBRO
schedules compared to schedules generated by the
other three methods. Compared to block schedules,
MBRO schedules perform better in terms of both computation rate and buffer requirements. However, the
execution time of the block scheduling method to construct a schedule (i.e., scheduling time) is significantly
lower than the other three scheduling methods. Lastly,
the proposed buffer sharing algorithm further reduces
the memory requirement, on the average, by 5.2% in
the MBRO schedules.
The rest of this paper is organized as follows. The
following section motivates our work with the help of
an example. Section 3 deals with the formulation of
the Minimum Buffer Rate-Optimal (MBRO) scheduling problem. In Section 4, a solution method for the
MBRO formulation is presented. In Section 5, we report experimental results, comparing MBRO formula-

209

tion with other scheduling methods. In Section 6, we
present our algorithm to perform buffer sharing and
also report some initial experimental results. A discussion of related work is included in Section 7. Concluding remarks are presented in Section 8.
2.

Motivating Example

In this section first we present the necessary background on Regular Stream Flow Graphs (RSFGs). In
Section 2.2, we informally introduce the concept of
software pipelining for the RSFG model. Subsequently,
we will motivate our work on minimizing buffer requirements in rate-optimal schedules for multi-rate RSFGs using a simple example.
2.1.

Regular Stream Flow Graphs

Regular stream flow graphs have been proposed to express DSP computations in a graphical representation.
A brief introduction of RSFG is presented here, and for
more information the readers are referred to [4].
An RSFG is a directed graph where nodes represent
regular actors and directed arcs represent data communication channels or FIFO buffers. A regular actor has
a fixed number of input channels and a fixed number
of output arcs. Furthermore, with each arc (u, v), two
fixed integers Iuv and Ouv are associated which represent respectively the number of tokens consumed by
node v and the number of tokens produced by u in each
firing. A node v is said to be enabled when it has at least
Iuv tokens (data values) on each of its input arcs (u, v)
(refer to Fig. 1). When the node fires, it produces Ovw
tokens on each of its output arc (v, w). Formally,
Definition 2.1 (Regular Stream Flow Graph (RSFG)).
An RSFG is a graph G = [V, E, I, O, m] where V is
a set of regular actors, E is a set of directed edges representing communication channels between the actors.
The Input, Output and marking functions associated
with each arc (u, v) in E represent the following:

Figure 1.

An arc in the RSFG.
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Iuv represents the number of tokens (data values) consumed by v in each firing (refer to Fig. 1).
Ouv represents the number of tokens produced by u in
each firing.
m uv represents the initial number of tokens on arc
(u, v).
The initial number of tokens on an arc, also known
as dependence distance, essentially characterizes possible inter-iteration dependency between the producer
and the consumer. If every actor of an RSFG is homogeneous, that is consume/produce exactly one token on each input/output arc in every firing, then the
graph is a special case of RSFG and called the homogeneous dataflow graph [5]. Homogeneous dataflow
graphs are widely used to represent programs in the
dataflow model of computation.
A potential problem in RSFGs is that since the
rate at which tokens are produced in a channel may
be different from the rate at which they are consumed, there could be potential token accumulation.
Further, since RSFGs, like synchronous data flow
graphs, represent computations that are intrinsically
non-terminating, token accumulation may lead to infinite memory (buffer) requirements. In a well behaved
RSFG the firing rates of different actors may be different such that, effectively, there is neither token accumulation nor token depletion on any arc [4]. Intuitively, this is referred to as consistency [15] or wellbehavedness [4]
The multiple firing rates of the nodes of an RSFG can
be obtained by solving a set of flow balance equations,
relating the number of firing of the actors of a graph
and the number of tokens produced (or consumed) on
each channel. More specifically, for each arc (u, v) the
flow balance equation is
ku ∗ Ouv = kv ∗ Iuv
where ku and kv represent the firing rates of nodes u
and v respectively. Solving the set of flow balance equations for all the arcs of the RSFG, we get the firing rates
of the nodes. Note that the set of equations may have
more than one solution. We refer to a solution as a fundamental solution if there exists at least two values ku
and kv that are relatively prime to each other. Henceforth in this paper, the firing rates of the nodes of an
RSFG always correspond to the fundamental solution.
In order to make the above discussion clear, we
present an illustrative example. Consider the RSFG
shown in Fig. 2. Solving the flow balance equations
for this RSFG, we get the firing rates of the actors a,

Figure 2.

An example RSFG.

b, c, and d as 2, 1, 3, and 2 respectively. Let the initial
number of tokens on the arcs (d, c), (b, a), (b, d), and
(d, b) be six, three, two, and one respectively. It may be
observed that firing the actors in the above rate restores
the number of tokens on each arc to the initial value.
Informally speaking, RSFGs have the same expressive power as synchronous dataflow graphs proposed
by Lee and Messerschmitt [1] which are capable of expressing a reasonably large subset of DSP application
programs. We can extend RSFGs to include special actors, such as merge and switch actors, to represent
program involving conditional expressions, linear recurrence, and regular iterative computation [4]. For the
purpose of this paper, we focus only on RSFGs.
2.2.

Software Pipelining of Regular Stream Flow
Graphs (RSFG): A Motivating Example

Next we introduce the notion of software pipelining
for multi-rate computations. In this paper we do not address issues relating to (processor) resource constraints.
Further, as in [9, 10], we do not allow two instances
of an actor to fire concurrently. This is because, typically in a DSP computation, such a large grain node
may maintain certain state information which would be
modified in each execution and used in the subsequent
firing (e.g., an FIR filter). Further as will be pointed
out in Section 3.1, this assumption doesn’t restrict the
applicability of the proposed formulation.
Let the execution time of actor a be 3 time units while
that of other actors be unity. A schedule for the RSFG is
shown in Table 1 where the actors (belonging to one or
many iterations) in a single column fire concurrently.
The symbol a is used in Table 1 to indicate that the
execution of actor a is continuing from the previous
time step. The schedule of Table 1 is repetitive starting
from time step 3, with a repetitive pattern from time
step 3 to time step 8. A new iteration is initiated after
every 6 time units, or equivalently the computation rate
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Schedule for motivating example.
Time step

Iteration = 0

0

1

2

3

4

5

c, a

c, a

c, a

d, a

d, a

a

Iteration = 1

6

7

8

9

10

11

c, a

c, a

d, a

d, a

a

b
c, a

Iteration = 2

Figure 3.

12

b
c, a

Equivalent homogeneous graph for Example 2.1.

is 16 . Observe further that in the repetitive pattern, the
firings of the actors in various iterations overlap, and the
schedule is called software pipelined. More details on
software pipelining for RSFGs can be found in [9, 10].
The maximum computation rate of an RSFG can
be derived by inspecting the equivalent homogeneous
dataflow graph (of the original RSFG) where each actor
will consume (output) only one token per arc at each
firing. The equivalent homogeneous graph, shown in
Fig. 3, for the motivating example consists of multiple
instances of each actor (as dictated by its firing rate) and
arcs indicating data dependencies between the various
instances of the actors. Multiple instances of a node are
represented by the actor name followed by the instance
number, as in a0, a1, c0, c1, and c2. A method to
construct the equivalent homogeneous graph is given
in [10, 14].
The following theorem due to Reiter characterizes
the maximum rate [16]. The maximum computation
rate T1 of a homogeneous graph is bounded by the crit-

ical cycles of the graph which have the smallest M(C)
D(C)
value, where M(C) is the total number of tokens (or delays) on the arcs of the cycle and D(C) is the sum of the
execution time of the nodes in the cycle. It can be seen
that the optimal rate for the graph shown in Fig. 3 is 16 ,
corresponding to the critical cycle, a0 → a1 → a0.
Observe that this optimal computation rate equals the
computation rate of the schedule given in Table 1.
Since the RSFG and the corresponding homogeneous
dataflow graph are equivalent [4], the maximum computation rates of the two graphs are equal. Hence the
schedule shown in Table 1 is rate-optimal.
2.3.

The Storage Requirements
of Rate-Optimal Schedules

Next we compute the buffer requirement for each arc of
the RSFG using an operational model. In this method
we compute the buffer requirements for an arc by firing
the nodes of the RSFG according to the schedule and by

212

Govindarajan, Gao and Desai

Table 2.

Buffer requirements on arcs (c, d) and (d, c).
Buffer size on arc
(c, d)

Buffer size on arc
(d, c)

Actors
fireda

Before

After

Before

After

6

c

0

2

6

4

7

c

2

4

4

2

8

c

4

6

2

0

9

d

6

3

0

2

10

d

3

0

2

4

11

–

0

0

4

6

Time
step

a Only

Consider the alternative optimal rate schedule shown
in Table 3 for our motivating example. The buffer requirements for the arcs (c, d) and (d, c) at each time
step, starting from t = 6 are shown in Table 4. The
maximum buffer size required for arcs (c, d) and (d, c)
are 5 and 4 respectively. Hence, the total buffer requirement for all the arcs in the RSFG is 18 using the
schedule shown in Table 3. In other words, by choosing the schedule of Table 3 we can reduce the buffer requirement without compromising the computation rate.
Thus, the motivating example elucidates the MBRO
problem introduced in Section 1. The problem is how
to chose, among the rate-optimal schedules, one that
has lesser memory requirement. In this paper, we answer this question by deriving linear constraints for
buffer requirements and integrating them with our earlier formulation [9].

actors c and d are considered here.

determining the maximum tokens present on the arc at
any time during the repetitive pattern. In this paper we
consider only the buffer requirements of the repetitive
pattern of the schedule. Since the prologue is executed
only once, separate buffer allocation can be done for
it. Further, it is the buffer requirement of the repetitive
pattern, rather than that of the prologue, that is likely
to have significant impact on the performance of the
schedule.
In computing the buffer requirements for the arcs of
the RSFG, we make the following assumption without
any loss of generality. Input tokens remain on the input
arc until the activation (firing) is completed and output
tokens are produced (all at once) at the end of the firing.
This assumption is not crucial to our formulation and
similar formulations can be derived for other assumptions on the time tokens are consumed (or produced).
Table 2 shows the number of buffer locations used for
arcs (c, d) and (d, c) after each time step in the repetitive pattern. Also, without loss of generality, we will
consider the repetitive pattern starting from time step 6.
Clearly, under the given schedule, the maximum
buffer size required for each of the arcs (c, d) and (d, c)
is 6. A buffer size of 2 is required for the arcs (a, b)
and (b, d), and a buffer size of 3 is required for (b, a)
and (d, b). Thus the total buffer requirement for the
schedule of Table 1 is 22.
Table 3.

3.

Minimizing Buffer Requirements
in Rate-Optimal Schedules (MBRO):
Problem Formulation

In [9], the problem of obtaining rate-optimal schedules
for RSFGs (without buffer constraints) has been formulated as a linear programming problem, called the
Multi-Rate Software Pipelining (MRSP) problem. In
Section 3.1 we briefly review the MRSP formulation as
well as introduce the necessary terminology for the rest
of this section. Readers who are familiar with the MRSP
formulation can skip this subsection. In Section 3.2, we
show that the buffer storage requirements can also be
represented as linear constraints, and the MRSP formulation can be extended to present a unified linear
program formulation of the MBRO problem, capturing
both the precedence and storage constraints.
3.1.

Rate-Optimal Schedules

A schedule σ is a function which maps the ith instance
or (i + 1)-th firing of an actor u in the RSFG to a time

An alternative schedule for the motivating example.
Time step

Iteration = 0
Iteration = 1
Iteration = 2

0

1

2

3

4

5

6

7

c, a

a

c, a

a

d, c, a

a

b

d

c, a

a

8

9

10

11

c, a

a

d, c, a

a

12

13

b

d

c, a

a
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Table 4.

Buffer requirements for the alternative schedule.
Buffer size on arc
(c, d)

Buffer size on arc
(d, c)

Time
step

Actors
fireda

Before

After

Before

After

6

c

3

5

3

1

7

d

5

2

1

4

8

c

2

4

4

2

9

–

4

4

2

2

10

d, c

4

3

2

3

11

–

3

3

3

1

a Only

actors c and d are considered here.

instance t. That is, σ (i, u) represents the time t at which
the i-th instance of actor u begins its execution. The instance number i is counted from 0 rather than from 1.
Therefore the i-th instance of an actor actually corresponds to the (i + 1)-th firing of the actor.
Consider an arc (u, v) in an RSFG (refer to Fig. 1).
Let Ouv and Iuv represent, respectively, the number of
tokens producd by u and consumed by v in each firing.
The execution times of nodes u and v are denoted by
du and dv respectively. Further, let buv (t) denote the
number of tokens present in the arc connecting u to
v at time t. We will use the special notation m uv to
represent the initial number of tokens on the arc (u, v).
Definition 3.1. A schedule σ is said to be admissible
if for every arc (u, v) in the graph, and for all i ≥ 0,
σ (i, v) = t ⇒ buv (t) ≥ Iuv .
That is, a schedule is admissible if it does not violate
the dependency constraints imposed by the arcs of the
RSFG. The following necessary and sufficient condition for the class of admissible schedules for RSFGs
has been established in [9].
Theorem 3.1. A schedule σ is admissible if and only
if, for each arc (u, v) in the graph,

σ (i, v) ≥ σ

 
(i + 1) ∗ Iuv − m uv − Ouv
, u + du ,
Ouv
(1)

where du is the execution time of node u.
An iteration of an RSFG is formally defined as:
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Definition 3.2. If [kv1 , kv2 , . . . , kvn ] represents the
(fundamental) firing rates of the actors of the RSFG,
then an iteration of the graph consists of kvi firings of
actor vi for every vi ∈ {v1 , v2 , . . . , vn }.
Here the term ‘fundamental firing rates’ refers to the
fact that the rates (i.e. the kvi s) do not have a common
divisor. In other words, the greatest common divisor of
the kvi ’s is 1.
Next, we formalize the notion of r -periodic schedules for RSFGs. Intuitively, in an r -periodic schedule,
the firing of the k-th instance of an actor in every r
iterations takes place exactly after T time units.
Definition 3.3. A schedule is called r-periodic with
period T if for any node vi , for 0 ≤ j < r , and for any
k in the semi-open interval [0, kvi ) the k-th instance in
iterations j, j + r , j + 2r , . . . , take place, respectively,
at time tvi ,k , T + tvi ,k , 2T + tvi ,k , . . .
Since r iterations of the RSFG are executed in T time
steps, the computation rate of an r -periodic schedule is
r
.
T
The notation ( j, k) is used to represent the k-th instance in the j-th iteration. Similarly, σ ( j, k, v) denotes the time at which ( j, k)-th firing of v commences. Finally, we use r -periodic schedules of the
form  j∗T +A[k,v]
 for the ( j, k)-th firing of actor v. That
r
is,


j ∗ T + A[k, v]
σ ( j, k, v) =
,
(2)
r
where T is the period of an r -periodic schedule for the
given RSFG, and ∀k ∈ [0, kv ) and ∀v, A[k, v] ≥ 0 are
constants that uniquely determine a schedule for the
given T and r values. Now, using Eq. (2) in the necessary and sufficient condition (Inequality (1)), and after
a few algebraic manipulations, we obtain the following
constraints on A[k, v]’s (refer to [9] for the details).
∀(u, v) in the RSFG, and ∀k ∈ [0, kv ),
A[k, v]



(k + 1) ∗ Iuv − m uv − Ouv
−A
mod ku , u
Ouv
 

1 (k + 1) ∗ Iuv − m uv − Ouv
≥T∗
+ r ∗ du
ku
Ouv
(3)
Our assumption that two instances of an actor are
not allowed to fire concurrently can be enforced by
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including a self arc to each actor in the RSFG.2 The
self dependency arcs lead to the constraints:

buv (t) ≥ (i + 1) ∗ Ouv + m uv − (i + 1) ∗ Iuv

∀v in the RSFG, and ∀k ∈ [0, kv ),
A[k, v] − A[((k − 1) mod kv ), v]


(k − 1)
≥T∗
+ r ∗ dv
kv

(4)

Now to obtain rate-optimal schedules, first we
need to find the optimal computation rate. That
is, to maximize Tr subject to the above constraints
(Inequalities (3) and (4)). An efficient solution for this
problem can be obtained by relating it to the Minimum
Cost-to-Time Ratio Cycle (MCTRC) problem in network flow [17, 18]. In [9] it was shown that the optimal
computation rate can be computed by generating what
is called the precedence graph from Inequalities (3)
and (4). The precedence graph of an RSFG is much
simpler than the corresponding homogeneous graph.
Thus the optimal computation rate is derived from the
precedence graph using any of the efficient algorithms
for MCTRC [17]. Once the optimal Tr is found, the
value of various A[k, v]’s can be obtained by solving
the linear equation with the optimal value of Tr . This
can be reduced to the shortest path problem for which
polynomial time solutions exist [17].
In the following subsection we extend the above formulation to MBRO schedules.
3.2.

MBRO Schedules

We first show that the buffer requirement on each arc
(u, v) in a RSFG can be represented as a linear constraint. Consider a time instant t such that node u is
between its i-th and (i + 1)-th firing for some i, and
node v is between its i -th and (i +1)-th firing for some
i . Formally,
σ (i, u) + du ≤ t < σ (i + 1, u) + du

tokens. Thus, the buffer size for the arc (u, v) at time t
should be

and

σ (i , v) + dv ≤ t < σ (i + 1, v) + dv , for some i, i
(5)
Since the i-th instance (i.e., the (i + 1)-th firing) of u
has finished, actor u would have produced (i + 1) ∗ Ouv
tokens on the arc (u, v). Further, as the i -th instance
of v has finished its execution, it must have consumed
(i + 1) ∗ Iuv tokens from the arc (u, v). If there were
m uv tokens initially on the arc (u, v), then at time t,
there would be (i + 1) ∗ Ouv + m uv − (i + 1) ∗ Iuv

(6)

We can represent the i-th instance of actor u as ( kiu ,
i mod ku ) in our notation. Representing (i + 1), i , and
(i + 1) in similar manner, and using them in Inequality
(5), we obtain
i
ku

∗ T + A[(i mod ku ), u]
r

≤t<

+ du

∗ T + A[(i + 1) mod ku , u]

i+1
ku

r

+ du
(7)

i
kv

∗ T + A[(i mod kv ), v]
r

≤t<

i +1
kv

+ dv

∗ T + A[(i + 1) mod kv , v]
r

+ dv
(8)

After mathematical manipulations, we get
(t + 1 − du ) ∗ r − A[k, u]
∗ ku + k
T
(t − dv ) ∗ r − A[k , v]
i +1 >
∗ kv + k
T
i<

and
(9)

where k = i mod ku , and k = (i + 1) mod kv . Since
our estimate for the buffer size needs to be conservative,
we substitute the upper bound for i and the lower bound
for i + 1 (Inequality (9)) in Inequality (6).
buv (t)


(t + 1 − du ) ∗ r − A[k, u]
≥
∗ ku + k + 1 ∗ Ouv
T


(t − dv ) ∗ r − A[k , v]
∗ kv + k ∗ Iuv + m uv
−
T
(10)
By the property of multi-rate graphs, ku ∗ Ouv =
kv ∗ Iuv . Using this in Inequality (10) and after simple
algebraic manipulations, we get
T ∗ buv (t) + ku ∗ Ouv ∗ (A[k, u] − A[k , v])
≥ (k + 1) ∗ T ∗ Ouv − k ∗ T ∗ Iuv
+ r ∗ ku ∗ Ouv ∗ (dv − du + 1) + m uv ∗ T
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The right hand side of the above equation depends on the instance numbers k and k , and on constants ku , kv , Ouv , and Iuv . We will represent this as
a function C(k, k ). Note that the equation is linear in
buv (t), A[k, u], and A[k , v]. Further the above equation is independent of t and hence

Lastly, Constraint III ensures self dependency.
In the following subsection we will present a solution
method for the MBRO formulation.

T ∗ buv + (ku ∗ Ouv ) ∗ (A[k, u] − A[k , v]) ≥ C(k, k )

The linear programming formulation can be solved using standard linear programming methods, such as the
simplex method. Once the value of various A[k, v]’s
are obtained, the buffer size for each arc needs to be
calculated. Recall that in obtaining the MBRO formulation, we have used a conservative approach. Hence if
we use Inequality (11) to compute the buffer requirements, the estimates could be more than what is required by the schedule. However, once the schedule is
finalized buffer requirements on each arc can be computed using an operational method. This method essentially simulates the schedule to compute the buffer
requirement. In particular, the algorithm considers the
prologue and the repetitive pattern of the schedule and
fires the actors accordingly. The algorithm also keeps
track of the maximum number of tokens present on
every arc during the execution of the repetitive pattern. These numbers give the buffer requirements for
the individual arcs of the RSFG. From these values the
total buffer requirements for all the arcs in the RSFG is
computed.

(11)
Lastly, the buffer estimate is independent of the iteration numbers of the actors u and v, but depends on
k and k which represent some instance of actors u and
v respectively. More specifically, k is the most recent
instance of actor u that has finished its firing. Likewise
k is the next instance of actor v that is to finish its firing.
The difference in the interpretation of k and k is due to
the fact that k = i mod ku while k = (i + 1) mod kv .
For the buffer estimate to be valid, the above constraint
must be satisfied for all values of k ∈ [0, ku ) and for
all values of k ∈ [0, kv ).
The MBRO problem can be formulated as follows.
Our objective is to minimize
 the total buffer requirements for all arcs (i.e.,
buv ). This is the objective
function in the MBRO formulation in Fig. 4. The schedule is specified by means of the A[k, v] values and the
computation rate r/T . The computed value of r/T using the Minimum Cost-to-Time Ratio Cycle (MCTRC)
method [17] is used in all inequalities in the MBRO
formulation to guarantee rate-optimality. The buffer requirement for each RSFG arc must satisfy Constraint I.
For the schedule to satisfy dependency constraints, the
value of A[k, v]’s must satisfy Constraint II in Fig. 4.

[MBRO Problem] Minimize



(u,v) buv

4.

4.1.

Solution to the MBRO Formulation
and Discussions

Discussions

The MBRO formulation presented in the previous
section is actually an integer program formulation as

subject to the conditions

(I) ∀(u, v), ∀k ∈ [0, ku ), and ∀k ∈ [0, kv ),
T ∗ buv + ku ∗ Ouv ∗ (A[k, u] − A[k ,v] ≥ C(k, k )
(II) ∀(u, v), and ∀k ∈ [0, kv ),



(k + 1) ∗ Iuv − m uv − Ouv
mod ku , u ≥
Ouv
 

1 (k + 1) ∗ Iuv − m uv − Ouv
T∗
+ r ∗ du
ku
Ouv


A[k, v] − A

(III) ∀v, and ∀k ∈ [0, kv )
A[k, v] − A[((k − 1)

Figure 4.

MBRO formulation.




(k − 1)
mod kv , v] ≥ T ∗
+ r ∗ dv
kv
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the buv variables, which represent buffer sizes, must
take integer values. The complexity of such an integer
program formulation is NP-Complete. However since
the buffer estimates in our formulation are conservative
(refer to the discussion in the following paragraph), the
solution obtained from the MBRO formulation (with
or without the integer constraint on buv variables) may
not always be optimal. Hence to reduce the complexity, we solve the MBRO formulation as a linear programming problem, omitting the integer constraints on
buv variables. The obtained solution, although may not
be optimal in terms of buffer requirements, is still a
valid rate-optimal schedule as the data dependence constraints are satisfied at the optimal computation rate
(r/T ).
Next we discuss the two approximations that make
the buffer estimates in our formulation conservative.
First, we considered all combinations of (k, k ) for Inequality (11). However, not all possible combinations
of k and k may arise in a schedule. For example, for
arc (c, d) the following combinations do not arise at
any time step in the repetitive pattern of the schedule
shown in Table 3.
k = 2, k = 0

4.2.

Extension of MBRO Formulation

The proposed MBRO formulation does not take into
account (processor) resource constraints. However it
is possible to extend it to include resource constraints.
The resulting formulation is a mixed integer linear program formulation. In [19, 20], we have formulated software pipelining (for homogeneous dataflow graphs)
as an integer linear program problem. Also, this formulation considered only 1-periodic schedules. An interesting feature of this formulation is that it includes
both processor resource constraints and buffer (register) constraints for rate-optimal scheduling. More recently, Fimmel and Muller have extended the software pipelining formulation for r -periodic schedules
[21]. Further, these formulations [19–21] use the same
scheduling form as in our MBRO formulation. In view
of these, we feel that the extension of the resource constrained software pipelining formulation to multi-rate
RSFGs should be easy. It should however be noted that
the resulting formulation with resource constraints is
an integer programming problem and is much harder
to solve. The details of the formulation and its performance are beyond the scope of this paper.

and k = 1, k = 1
5.

Notice that our formulation estimates the buffer requirements even before the schedule is finalized and
uses this estimate to arrive at a schedule. Since the
schedule is not finalized at the time of formulation, it
may not be possible, in general, to detect all combinations of (k, k ) that may not arise. As a second approximation, we used larger values for i and smaller
values for i in Inequality (6) to estimate the buffer
size.
Despite the conservative buffer estimates and the
relaxation of integer constraints on buv variables, the
MBRO formulation results in schedules that are buffer
efficient compared to the MRSP formulation. That
is, even though MBRO schedules are not buffer optimal, they use significantly less buffer storage compared to MRSP schedules. In Section 5.2 we compare
the schedules obtained from the MBRO formulation
and the MRSP formulation and show that except in
a few cases (10 out of nearly 260 experiments), the
MBRO formulation always produces buffer efficient
schedules. Also, our experiments establish that solving
the MBRO problem with the integer constraints leads
to only a very small improvement (less than 0.5%) in
buffer requirements.

Experimental Results

In this section we describe the implementation of our
testbed and evaluate the proposed scheduling method.
A comparison of the MBRO formulation with other
existing methods is presented in Section 5.2.
5.1.

The Scheduling Testbed

The experimental testbed is implemented using C programming language on a Unix platform. Further details on the implementation of the testbed can be found
in [22]. The testbed consists of four main modules,
namely the random graph generator, the module to
generate and solve (for optimal r/T ) the linear programming formulation for rate-optimal schedules, the
module to generate and solve the linear programming
problem with buffer minimization constraints, and the
module to compute the buffer requirements for each
arc in the RSFG.
Due to the lack of availability of standard multirate benchmark programs, and to extract general trends
over a broad range of test inputs, we propose to evaluate our scheduling method on randomly generated
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well-behaved RSFGs. A similar approach was followed
in other studies, e.g., in [14, 23]. The random graph
generator ensures that the generated RSFG is wellbehaved [4]. The following attributes of the generated
RSFG are exponentially distributed random values: (i)
the number of arcs per node, (ii) the number of tokens
consumed/produced by a node on an input/output arc,
and (iii) the execution time of each node. The mean
value for the above parameters can be set independently, and are set to the average values observed in
a certain DSP programs. Thus the random graph generator generates RSFGs that somewhat match in their
characteristics to real DSP programs.
We supplement our performance study with results
obtained from a set of DSP algorithms. The DSP algorithms considered in our experiments are; (1) phaselocked loop, (2) voice band modulation, (3) power
spectrum, (4) auto-correlation, (5) periodogram, (6)
comb filters, (7) satellite receiver, and (8) spectrum
analyzer. The number of nodes and the number of arcs
in each of these RSFGs are tabulated in Table 5.
The subsequent module in our testbed generates the
linear constraints (corresponding to Inequalities (3)
and (4)) of the MRSP formulation. The optimal computation rate Tr is computed efficiently by relating the
problem to the Minimum Cost-to-Time Ratio Cycle
(MCTRC) problem. Using this Tr value, the constraints
for the MBRO problem are generated. The linear programming problem is solved using a public domain
software package called lp solve, developed in the
Eindhoven University of Technology, The Netherlands.
In the testbed, we have also implemented an algorithm to compute the maximal buffer requirements for
the arcs of the RSFG. The algorithm is based on an
operational model in which the actors are fired according to the generated schedule. In particular, the algorithm considers the prologue and the repetitive pattern
Table 5.

Details of RSFGs for DSP applications.

Application
Phase locked loop

Number of nodes

Number of arcs

10

12

7

14

Power spectrum

9

10

Auto correlation

16

17

Voice band

Periodogram

7

7

Comb filter

21

26

Satellite receiver

19

25

6

7

Spectrum analyzer
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of the schedule and fires the actors accordingly. The
algorithm also keeps track of the maximum number
of tokens present on every arc during the execution of
the repetitive pattern. These numbers give the buffer requirements on individual arcs of the RSFG. From these
values the total buffer requirements for the RSFG is
computed.
5.2.

Experimental Results and Comparisons

We compare the schedules generated by the MBRO formulation with those generated using (i) the MRSP formulation [9, 10], (ii) the block scheduling method [1],
and (iii) the linear programming formulation based on
homogeneous graphs [13].
5.2.1. Comparison with MRSP Schedules. In the
first group of experiments, we evaluate how well the
MBRO formulation minimizes the buffer requirements
in comparison with the MRSP schedules [9]. The performance of the MBRO schedules is compared with
the MRSP schedules for more than 260 randomly generated RSFGs, and the results for 10 candidate cases
are shown in Table 6. For each random RSFG, we report the number of nodes and the number of arcs in the
RSFG, the optimal computation period Tr , the buffer
requirements in the MRSP and in the MBRO schedules, execution times (in CPU seconds) to solve the
respective formulations on a Sun-SPARC workstation.
We also report the percentage improvement achieved
by the MBRO schedules with respect to the MRSP
schedules computed as:
% improvement
Buffer for MRSP − Buffer for MBRO
=
Buffer for MRSP

(12)

Table 7 summarizes the comparisons for the considered DSP applications. Out of the 260 random RSFGs considered, in all but 10 cases, the MBRO schedules perform better than the MRSP schedules in terms
of buffer requirements. In these experiments, we observe an average improvement of 24% in buffer requirements for the MBRO schedules. In certain cases,
e.g., for the random RSFG with 28 nodes and 27 arcs,
the improvement is as high as 51% and for the autocorrelation program it is 37%. The execution time
of the MBRO schedule is comparable to that of the
MRSP schedules for smaller RSFGs. But for larger
RSFGs even though the execution time for the MBRO
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Table 6.

MRSP vs. MBRO schedules on random RSFGs.
MRSP schedules
Execution time
(CPU sec.)

Period

36

0.083

15

35

0.200

2.78

25

265

0.217

25

219

0.683

17.36

240

295

0.550

240

179

3.833

39.32

243

653

1.033

243

350

8.566

46.40

27

392

493

0.550

392

240

3.817

51.31

28

47

945

1646

2.100

945

1334

70.997

18.95

35

45

875

2278

2.433

875

1206

91.280

47.05

39

43

150

876

0.933

150

835

11.066

4.68

43

53

315

1586

2.050

315

1223

103.179

22.88

55

93

252

3895

3.400

252

3016

112.762

22.56

No. of nodes

No. of arcs

Period

6

6

15

16

15

20

19

25

24

28

Table 7.

Buffer
required

MBRO schedules
Buffer
required

Execution time
(CPU sec.)

% Buffer
improvement

MRSP vs. MBRO schedules on DSP applications.
MRSP schedules

Application
program
Phase locked loop
Voice band
Power spectrum

Buffer
required

Execution time
(CPU sec.)

23

0.033

16

23

0.083

128

180

0.350

Period
5

MBRO schedules

Period
5

Buffer
required

Execution time
(CPU sec.)

% Buffer
improvement

19

0.133

21.05

16

23

0.133

0.00

128

153

4.000

15.00

Auto correlation

256

364

2.700

256

229

120.812

37.08

Periodogram

256

245

2.100

256

197

104.462

19.59

Comb filter
Satellite receiver
Spectrum analyzer

2

33

0.117

2

33

0.133

0.00

151

625

3.333

151

427

295.172

31.68

84

53

0.083

84

47

0.217

11.32

formulation is significantly larger, it is still in the
acceptable range of compilation time for application
specific programs.
5.2.2. Comparison with Block Schedules. In the second group of experiments, we compare our scheduling
method with the well-known block scheduling method
of Lee and Messerschmitt [1]. The block scheduling
method is based on an operational approach which
uses the earliest firing rule [24]. The block schedules are also known as Periodic Admissible Parallel
Schedules (PAPS). In all experiments, we assume the
availability of infinite processor resources for the block
schedules since the MBRO schedules are also based
on the same assumption. The block scheduling method
is applied to an RSFG unrolled a suitable number of

times. In our experiments we unroll the RSFG by r
times, where Tr is the optimal computation rate in
the irreducible form. A similar unrolling effect takes
place when generating MBRO and MRSP schedules,
even though the unrolling is never performed explicitly
in either of the scheduling methods.
The results of both MBRO and the block scheduling
methods for 10 randomly generated RSFGs are presented in Table 8. In this table, we report the computation period, buffer requirements, and execution time of
the two scheduling methods. The columns on percentage improvement shows the improvement in computation period and buffer requirements calculated using
an equation similar to Eq. (12). From Table 8, we observe that the MBRO schedules perform better than the
block schedules in terms of both computation period
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Table 8.

Block schedules vs. MBRO schedules on random RSFGs.
Block schedules

No. of
nodes

No. of
arcs

Period

6

6

17

10

13

20

19

28

27

34

Buffer
required

MBRO schedules

Execution time
(CPU sec.)

Period

36

0.017

15

35

0.200

39

385

0.000

27

347

299

295

0.017

240

179

424

493

0.017

392

38

185

1135

0.033

37

46

385

1062

39

43

229

876

41

67

511

55

93

327

56

82

442

Table 9.

219

Buffer
required

Execution time
(CPU sec.)

% Buffer
improvement

% Improvement
in period

2.78

11.76

1.350

9.86

30.76

3.833

39.32

19.17

240

3.817

51.31

7.54

139

797

13.716

29.78

24.86

0.050

384

942

55.748

11.30

0.25

0.017

150

835

11.066

4.68

34.49

1686

0.050

240

1562

54.464

7.35

53.03

3637

0.050

252

3016

112.762

17.07

22.93

1693

0.067

243

1863

51.031

−8.36

45.02

Block schedules vs. MBRO schedules on DSP applications.
Block schedules

Application
program

Period

Buffer
required

MBRO schedules

Execution time
(CPU sec.)

Period

Buffer
required

Execution time
(CPU sec.)

% Buffer
improvement

% Improvement
in period

Phase locked loop

15

5

0.001

5

19

0.133

−42.42

66.67

Voice band

21

10

0.001

16

23

0.133

−36.11

23.80

Power spectrum

168

180

0.017

128

153

4.000

15.00

23.80

Auto correlation

559

156

0.083

256

229

120.812

−24.17

54.20

Periodogram

532

113

0.050

256

197

104.462

−29.89

51.87

Comb filter

12

7

0.001

2

33

0.133

−44.06

83.33

175

673

0.067

151

427

296.321

36.55

13.71

96

44

0.017

84

47

0.217

−6.82

12.50

Satellite receiver
Spectrum analyzer

and buffer requirements. In a block schedule, as the
name indicates, the execution of nodes from different
iterations are not overlapped. In fact, the execution of
all nodes in one iteration must be completed before the
execution of any node in the next iteration. This contributes to the increase in the period of block schedules. However, it is interesting to note that the lower
computation rate of the block schedules do not bring
any buffer storage improvement. The average improvement is 20% in computation period and 22% in buffer
requirements.
In Table 9 we compare the block scheduling method
with the MBRO method for the considered DSP application programs. For the DSP applications (refer to
Table 9), the MBRO schedules perform better than the
block schedules only in terms of computation rate. The
buffer requirements for the block schedule are less than
that for the corresponding MBRO schedules. How-

ever the computation period of the block schedule is
significantly larger. In an MBRO schedule, since the
operations from different iterations overlap, there is
a good possibility that the MBRO schedules require
more memory than the non-overlapped block schedules. Although the block scheduling method is simpler
and computationally less expensive, it produces relatively poor schedules, in terms of the period of the
schedules, primarily due to the non-overlapping nature
of block schedules. Lastly, we observe that the compile
time to construct the block schedules are significantly
lower than that for MBRO schedules.
5.2.3. Comparison with Homogeneous Scheduling
Methods. A linear programming formulation (called
the Optimal Schedule Buffer Allocation (OSBA) formulation) to obtain rate-optimal buffer-optimal schedule for homogeneous graphs has been proposed in [13].
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Unlike the MBRO formulation, the one proposed
in [13] uses tight bounds for buffer estimates and
therefore always generates schedules that have optimal buffer requirements. Hence it may be interesting to
evaluate MBRO schedules against the schedules generated by the OSBA formulation. The OSBA formulation
works on the equivalent homogeneous graph (e.g., the
graph shown in Fig. 3), rather on the original RSFG
itself (refer to Fig. 2). Once the optimal schedule is
obtained from the OSBA formulation, buffer requirements for the arcs of the RSFG can be determined by using the operational method on the original RSFG. The
reason for working with the RSFG, rather than with the
homogeneous graph, in determining the buffer requirement, is as follows. In the RSFG, buffer space allocated
for an arc is shared by all instances of the producing
and consuming nodes. However, in the homogeneous
Table 10.

graph, independent buffers need to be allocated for each
homogeneous arc. Hence, combining the buffers for
various homogeneous arcs that correspond to a single
RSFG arc may lead to a reduction in buffer size as not
all homogeneous arcs may have their ‘live ranges’ active at the same time. Combining is a form of buffer
sharing among the homogeneous arcs that correspond
to a single RSFG arc. In Section 6, we discuss a more
general buffer sharing which facilities buffers to be
shared among the arcs of the RSFG.
Tables 10 and 11 summarize the comparison between MBRO schedules and OSBA schedules. The
computation rates of an OSBA schedule is equal to
that of an MBRO schedule. However, surprisingly,
in 75% of the test graphs used in our experiments,
the MBRO schedules require lesser storage than the
buffer-optimal schedules generated by the OSBA

OSBA schedules vs. MBRO schedules on random RSFGs.
OSBA schedules

MBRO schedules

No. of arcs

Period

Buffer
required

Execution time
(CPU sec.)

Period

Buffer
required

Execution time
(CPU sec.)

10

13

27

373

2.483

27

347

1.350

6.96

16

15

25

223

1.367

25

219

0.683

1.79

20

19

240

187

5.316

240

179

3.833

4.27

25

24

243

423

9.783

243

350

8.566

17.25

28

27

392

279

4.983

392

240

3.817

13.97

35

45

875

1113

47.698

875

1206

91.280

−7.15

37

46

384

1029

44.048

384

942

55.748

8.45

39

43

150

775

14.899

150

835

11.066

−6.70

41

67

240

1646

51.531

240

1562

54.464

5.10

56

82

243

1884

46.215

243

1863

51.031

1.11

No. of nodes

Table 11.

% Buffer
improvement

OSBA schedules vs. MBRO schedules on DSP applications.
OSBA schedules

Application
program
Phase locked loop

Period

Buffer
required

MBRO schedules

Execution time
(CPU sec.)

Period

Buffer
required

Execution time
(CPU sec.)

% Buffer
improvement

5

19

0.133

5

19

0.133

0.00

16

23

0.150

16

23

0.133

0.00

Power spectrum

128

173

2.000

128

153

4.000

11.56

Auto correlation

256

247

12.416

256

229

120.812

7.28

Periodogram

256

197

8.166

256

197

104.462

0.00

2

33

0.117

2

33

0.133

0.00

151

434

34.515

151

427

296.321

1.61

84

44

0.183

84

47

0.217

−6.82

Voice band

Comb filter
Satellite receiver
Spectrum analyzer
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formulation. This could be due to the following reason. The OSBA schedules are in fact buffer-optimal
for the homogeneous graph; however, they may not be
optimal when combining buffers that correspond to a
single RSFG arc is allowed. Without such combining
of buffers, the total buffer requirement for RSFGs in
OSBA schedules could increase by 50% to 100%. This
is the reason why we used the RSFGs in the first place
to compute the buffer requirements. In our MBRO approach, buffer optimality constraints are specified taking into account this type of combining and their effects. As a consequence the objective function of the
MBRO formulation is more effective in minimizing
the buffer requirements. MBRO schedules have fewer
memory requirement, by 9% on the average, compared
to OSBA schedules.

• Lee’s block scheduling method requires the least
amount of compile time (time to construct a schedule). The overall compile time for the MBRO and
OSBA schedules do not differ significantly for the
test cases we used, while that for the MRSP schedules are comparable to the block schedules.
• In a total of 260 experiments, only in 10 cases MBRO
formulation produced schedules which are inferior,
in terms of buffer requirements, to either MRSP
schedules or block schedules. However, in all cases,
the computation period of the MBRO schedules is
significantly better than that of the block schedules.

5.2.4. Summary. We summarize the observations
made from our experiments as follows.

In this section we present an approach to further reduce
the memory requirement of the multi-rate dataflow
graphs.

• For the examples we used, the MBRO schedules perform significantly better than the MRSP schedules,
in terms of buffer requirements. The improvement is
24% on the average and upto 51% in certain cases.
• Compared to Lee’s block scheduling method,
MBRO schedules perform 20% better in terms of the
computation period for both random RSFGs and for
the considered DSP applications. Despite a shorter
computation period, MBRO schedules, in many test
cases involving random RSFGs, showed a buffer improvement of 22%.
• The MBRO formulation obtains rate-optimal buffer
minimized schedules directly from the RSFG. In
75% of our experiments the MBRO schedules require lesser storage (by 9%) than buffer-optimal
OSBA schedules [13] obtained from the equivalent
homogeneous graphs.

Figure 5.

RSFG of spectrum analyser and its schedule.

6.

6.1.

Reducing Memory Requirement
by Buffer Sharing

Buffer Sharing in RSFGs

Our approach here is to determine the live ranges of
the various arcs, and share the allocated buffer space
among the arcs whose live ranges do not overlap. Compared to the traditional graph coloring method for register allocation [25] where sharing is considered at a
per register basis, in RSFGs sharing is to be considered
at a per buffer basis, where each buffer may have a size
greater than unity. We refer to this type of sharing as
complete- or full-buffer sharing.
We illustrate our approach with the help of another
example, the Spectrum Analyser algorithm considered
in our experiment. The RSFG of the spectrum analyzer3
is shown in Fig. 5(a). Let the execution time of actor
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Live ranges of example arcs and its interference graph.

b be 2 time units while that of other actors be unity.
A schedule for the RSFG is shown in Fig. 5(b) where
the repetitive pattern appears from time step 2 to time
step 9. The buffer requirements for the schedule are
shown in Fig. 5(c).
Next, we define the live range of an arc. The live
range of an arc starts at a point of time when the number of tokens in the associated buffer becomes greater
than zero. The live range ends when the number of
tokens in the associated buffer becomes zero again.
The live range of each arc of the RSFG and the sizes
of the associated buffers during the various time steps
in the repetitive pattern are shown in Fig. 6(a). If the
buffer associated with an arc contains at least one token throughout the repetitive pattern, we say that the
live range of the arc spans the repetitive pattern. If the
live range of an arc goes across iterations, we represent the live range by means of a circular arc [26]. As
an example consider the live range of arc (d, e) which
extends from time step 8 to 1. Finally, in an RSFG, it
is possible that an arc may have multiple disjoint live
ranges. In this paper, we associate a buffer to each live
range rather than to each arc.
From Fig. 6(a), one can observe that the live ranges
of arc (a, b) do not overlap with that of (b, c). Hence,
instead of allocating individual buffer space for these
two arcs, they can be allowed to share the same memory
space. Further, the same buffer can also be shared by the
live ranges of arc (c, d) and (d, e). Under buffer sharing,

the total buffer size allocated for these live ranges is the
maximum of the buffer size required for each of them,
in this case 4. One can identify, for the given schedule
(shown in Fig. 5(b)), the following buffer sharing is
possible: Arcs (a, b), (b, c), (c, d), and (d, e) can share
the same buffer space and requires a size of 4; arcs
(d, f ) and ( f, b) can share the same buffer space and
requires a size of 1; lastly arc (e, a) requires a buffer
size of 3. Thus, the total memory requirement for the
given schedule, under buffer sharing, is only 8. Thus
buffer sharing significantly reduces the buffer requirement from 16 to 8.
In the following section we present a heuristic
algorithm to perform buffer sharing for the arcs of an
RSFG.
6.2.

A Heuristic Algorithm for Buffer Sharing

As a first step, we determine the live ranges of the arcs of
the RSFG for the given schedule. From this, we derive
an interference graph G = (V, E, w) where V and
E represent respectively the vertices and edges of the
interference graph. A vertex v represents a live range
and an edge e between two vertices v and v indicates
that the respective live ranges overlap. The function w
associates a weight w(v), equals to the size of the buffer
required for the corresponding live range, with vertex
v. The interference graph for the example live ranges
is shown in Fig. 6(b).
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Now, the buffer sharing problem can be recognized as partitioning the set of vertices V into disjoint subsets V1 , V2 , . . . , Vm such that the vertices
in each subset can share their buffers. The buffer
requirement for a subset is determined by the live
range in that subset that has the maximum buffer
requirement. The objective of the partitioning is to
minimize the sum of the buffer requirements of the
subsets.
Our algorithm proceeds by first sorting the vertices
of the interference graph in the descending order based
on their weights. Starting with the first vertex (with
maximum weight) in the sorted list we check every
other vertex, whether the latter can share its buffer
with the former. If the two vertices do not have an
edge connecting them, then a subset including these
two vertices is formed. We proceed by checking the
remaining vertices, in the sorted order, if any other
vertex can share its buffer with the current subset
of vertices. For this, there should not be an edge
between the new vertex and any of the vertices in the
subset. If so, we include this vertex and proceed to
check the remaining vertices. When all the vertices
are examined, the current subset contains a (greedy)
subset of vertices which can share their buffers. In a
similar way, we can partition the remaining vertices
iteratively. This approach is described formally in
Algorithm 6.1.
Algorithm 6.1
Input: An interference graph G = (V, E, w).
Output: The set of subsets V1 , V2 , . . . , Vm such that
vertices in each Vk can share their buffers and with the
objective to minimize the sum of the weights of the
subsets.
[Step 1] Sort the vertices of the graph in the descending
order of their weights.
[Step 2] Set subset number = 0;
[Step 3] For each vertex v in the sorted list do
[Step 3.1] If v is already in some subset, go to Step 3.
[Step 3.2] Increment subset number by 1;
Set Vsubset number = {v}
[Step 3.3] For each vertex v in the sorted list do
[Step 3.3.1] If v is already in some subset, go to
Step 3.3.
[Step 3.3.2] For each v in Vsubset number do
[Step 3.3.2.1] If there is an edge (v , v ) in E,
go to Step 3.3;
/∗ The live range v overlaps with v and
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therefore v cannot share its buffer with those
in Vsubset number . ∗/
[Step 3.3.3] Include v in Vsubset number . Go to
Step 3.3.
[Step 3.4] Set the weight of the subset Vsubset number
to the weight of w(v). Go to Step 3.
[Step 4] End.
We observe that our algorithm is a greedy algorithm and tries to share buffers for vertices with maximum weight first. When two or more vertices have
the same weight, our algorithm considers these vertices in some order, typically the order in which they
appear in the interference graph. More specifically,
consider two vertices v1 and v2 having the same
weight, i.e., w(v1 ) = w(v2 ). Assume there exists an
edge (v1 , v2 ) in E. Let v be a vertex with a weight
w(v) > w(v1 ). Further v does not share an edge with
either v1 or v2 . In deciding whether v1 or v2 is included in the same subset as v, our algorithm can
make a bad choice, based on the order in which the
nodes appear in the interference graph, which would
preclude a number of other vertices being included in
the same subset, thereby disallowing better buffer sharing. Thus, our algorithm may not lead to an optimal
partitioning.
It should be noted here that though our buffer sharing problem resembles the traditional graph coloring
problem of general or interval/circular arc graphs [25–
29], there are two main differences: (i) the nodes in our
interference graphs have associated weights; and (ii)
we are interested in minimizing the sum of the weights
of the subsets, rather than minimizing the number of
subsets.
6.3.

Experimental Results

We have implemented the buffer sharing algorithm on
our testbed and experimented it on both randomly generated RSFGs and on the example DSP algorithms.
In the performance comparison, the buffer sharing algorithm has been applied to all four scheduling methods, namely MRSP, MBRO, OSBA and Block scheduling methods. In the 260 experiments that we ran on
the random RSFGs, the buffer sharing algorithm reduced the memory requirement of MBRO schedules
in 231 cases (89%) by 5.2% (of the original memory
requirement) on the average. In 6 of the 8 DSP applications a reduction in buffer requirement by 18.6% was
achieved by our buffer sharing algorithm on the MBRO
schedules.
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Table 12.

Comparison of scheduling methods with buffer sharing for random RSFGs.
Comparison with
MRSP schedules
MRSP
better

MBRO
better

No. of cases

57

187

Percentage improvement

13.23

Table 13.

21.48

Comparison with
block schedules

Both
same

Block
letter

16

1

–

62.0

Comparison with
OSBA schedules

MBRO
better

Both
same

OSBA
better

147

112

175

21.12

–

MBRO
better

Both
same

81

13.90

2

8.04

–

Comparison of scheduling methods with buffer sharing for DSP applications.
Buffer requirement after sharing

Application
Phase-locked loop
Voice-band
Power spectrum

% Improvement of MBRO over

MBRO

MRSP

Block schedules

OSBA

MRSP

Block schedules

OSBA

19

22

14

18

15.79

−26.32

−5.26

22

22

24

24

0.00

9.09

9.09

153

164

132

164

7.19

−13.73

7.19
−24.67

Auto correlation

227

292

172

171

28.63

−24.23

Periodogram

197

245

130

197

24.37

−34.01

0.00

Comb filter

23

24

13

23

4.35

−43.48

0.00

386

523

578

332

35.50

49.74

−13.99

28

34

37

25

21.43

32.14

−10.71

Satellite receiver
Spectrum analyzer

The result of applying the buffer sharing algorithm
for MRSP, Block, and OSBA scheduling methods are
reported in Tables 12 and 13. Even with buffer sharing, MBRO schedules resulted in fewer memory requirement than MRSP schedules in a large majority of cases. More specifically, the improvement was
in 187 test cases, with an average improvement in
buffer requirement of 21.5%. However, the number
of cases where MRSP schedules had lower memory
requirement (by 13.2% on the average) compared to
MBRO schedules has increased to 57 (out of 260) random RSFGs. This could be due to the fact that the
buffer minimization constraint in our MBRO formulation, though minimizes the buffer requirement (before buffer sharing), may result in schedules where
the overlap of the live ranges can be to a greater extent, reducing the extent of buffer sharing. It should
however be noted that the MBRO method performs
better overall, as in nearly 72% of the test cases,
MBRO schedules had fewer buffer requirements. Further the percentage improvement in buffer requirement
in MBRO schedules is also higher (21.48%) compared
to MRSP schedules (13.23%). Lastly in all 8 DSP applications, MBRO schedules had fewer or equal buffer
requirements compared to MRSP schedules (refer to
Table 13).

Buffer sharing in OSBA leads to a more significant
improvement than MBRO. More specifically, in more
than 67% of the random RSFGs, OSBA schedules had
fewer buffer requirement, with an average improvement of 13.9%. MBRO schedules performed better
in 31% cases with an average improvement of 8%.
It should be noted here that the OSBA algorithm is
based on first obtaining the homogeneous graphs. As a
consequence of this, the complexity of the OSBA algorithm is higher than that of the MBRO algorithm. Thus
we observe that, with buffer sharing, OSBA algorithm
performs better than the MBRO method in a large majority of cases. Further study is required to see if the
specifics of the buffer sharing algorithm has any effect
on the above result. The improvement in buffer requirement of block schedules over MBRO after buffer sharing in Table 13 should be considered keeping in mind
that the computation of period of block schedules are,
in general, much higher to that of MBRO schedules.
Lastly, we remark that the performance comparison
of the scheduling methods without buffer sharing reported in Tables 6 to 11 in Section 5 are interesting in
their own right, as buffer sharing may (i) introduce additional complexity in code generation and (ii) require
additional hardware support in the form of FIFO buffer
pointers.

Minimizing Buffer Requirements

7.

Related Work

Our earlier work on rate-optimal schedules [9] deals
only with (computation) rate-optimality; it does not
consider minimizing buffer requirement. This paper
extends the above work to choose, among the various
rate-optimal schedules, the schedule that has less buffer
space requirement.
In [1], a static scheduling method for synchronous
dataflow graphs has been presented by Lee and
Messerschmitt. Lee’s method, which is based on the operational model, constructs non-overlapped schedules
and hence may not always lead to rate-optimality. Further this scheduling does not consider reducing buffer
requirements. However, the block scheduling method
can handle processor resource constraints which are not
considered by either MRSP or MBRO methods. Further, several other scheduling methods, some of them
based on the block scheduling method, with different
objectives have been proposed by Lee’s research group.
For example, methods to construct compact loop schedules, called single-appearance schedules have been proposed in [30]. Sih and Lee have studied the scheduling
of acyclic synchronous dataflow graphs taking into consideration the interprocessor communication delays,
another issue not addressed by MRSP or MBRO formulation. They have proposed several solution methods
for scheduling the acyclic graphs [14]. Compile-time
scheduling of dataflow program graphs with dynamic
constructs was reported in [31].
In [32], algorithms to construct either space-optimal
or maximally-concurrent schedules have been discussed. Their method is based on the operational model
and does not overlap operations belonging to successive iterations. Parhi and Messerschmitt [33] have
studied the static rate-optimal scheduling of iterative
dataflow flow programs via optimal unfolding. However, their method has focused only on homogeneous
dataflow graphs and does not try to optimize buffer
space requirements. Lucke and Parhi [34] have proposed a novel resource-constrained scheduling method
for homogeneous graphs. Their approach is based on
integer programming and can optimally unfold, retime,
and pipeline the graph to achieve rate-optimal schedules with minimum processor requirement. The method
presented by Chao and Sha [35] to obtain the optimal
computation rate for a homogeneous dataflow graph is
somewhat similar to Parhi’s method [33], but is capable of obtaining either a pipelined or a non-pipelined
schedule. Jeng and Chen [11] have proposed a novel
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unfolding technique to construct rate-optimal schedules with the smallest unfolding factor.
Leiserson et al., proposed a method based on ‘retiming’ for synchronous circuits [36]. Although the semantics of synchronous circuits is different from that of
RSFGs, it is possible to use their approach by first converting the RSFGs into homogeneous dataflow graphs.
However, as discussed in Section 5.2.3, a memory requirement minimization method (OSBA) [13] based
on homogeneous graphs, yields inferior schedules, in
terms of buffer requirement, in a large percentage (more
than 90%) of the test cases. As the minimization methods based on homogeneous graphs do not capture the
notion of combining buffers (of homogeneous arcs that
correspond to a single RSFG arc), the buffer requirement of the resulting schedules is higher, though only
by a small percentage (by 9% on the average).
Printz [2] discusses a method to map large-grain
synchronous signal processing programs onto multiprocessor machines using a style which combines serial, systolic, and data-parallel implementations. The
scheduling and mapping obtained using this method
are not optimal, though it is guaranteed that the constructed schedule is within a certain factor from the optimality. A complete DSP design environment, called
McDAS was developed by Hoang [37]. McDAS consists of a scheduler which is based on the iterative clustering approach. A method to construct compact looped
schedules for a variant of synchronous dataflow graphs,
called scalable synchronous dataflow graphs, has been
proposed by Ritz et al. [38]. Related work applied in
the areas of high-level synthesis and code generation
can be found in [3, 12]. In [39], an integer linear programming formulation is used to derive rate-optimal
resource constrained schedules in high-level synthesis
applications. This method is targeted towards acyclic
graphs and can support r -periodic schedules only by
explicitly unfolding the graph. However, this formulation takes care of (processor) resource-constraints.
A wealth of literature has been reported in the area of
software pipelining for general-purpose computations
[6, 7]. The reader is referred to [8] for a survey of
these work.
A number of rate-optimal scheduling methods for
software pipelining [6–8] have been proposed in the
literature that also assume unlimited resources [13, 24,
33, 34, 40, 41]. But these work deal only with homogeneous dataflow graphs [5] and do not work directly for large grain synchronous data flow graphs or
RSFG model [1, 4]. Our work [9, 10], for the first time,
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formulated the rate-optimal scheduling problem for
multi-rate computation directly. In this paper, we have
extended the formulation for minimizing buffer requirements as well. Lastly, the formulations presented
in [19–21, 42, 43] deal with resource constrained rateoptimal software pipelining for homogeneous dataflow
graphs.
Retiming [36] has been used as a method for obtaining software pipelined schedules in [44, 45]. The notion
of two-dimensional retiming has been introduced in
[46]. Subsequently two-dimensional retiming has been
used to derive schedules that meet a given throughput
while reducing the memory requirements [47]. Denk
and Parhi also propose efficient solutions for memory
requirement minimization in statically scheduled DSP
programs [48]. They consider different memory models, viz., operation-constrained, processor-constrained,
and unconstrained memory models, with and without simultaneous pipelining or retiming. It should
be noted here that these approaches are targeted for
homogeneous dataflow graphs, whereas the MBRO
formulation proposed in this paper is for multi-rate
RSFGs.
The buffer sharing algorithm considered in this paper closely resembles graph coloring or identifying
maximal independent sets in interval graphs [27]. Efficient algorithms for finding maximal independent
sets for subclasses of perfect graphs have been proposed [28, 29]. Chaitin et al. have used interval graph
coloring method to solve the register allocation problem in compilers [25]. However, these work concentrate only on unweighted graphs and, as noted in Section 6.2, are somewhat different from our buffer sharing problem. In [49], a buffer merging technique has
been proposed to reduce the buffer requirements of single appearance block schedules4 [30]. Their approach
is based on analyzing the buffer requirements of the
arcs of the graph in a systematic way using efficient
polynomial time heuristics. Their earlier work also
considered deriving single appearance block schedules
that has minimum buffer requirements, where buffer
sharing is not considered [50]. Buffer minimization
through an evolutionary approach for single appearance block schedules has been presented in [51]. Ritz
et al. give an enumerative approach for reducing data
buffer memory in synchronous data flow graphs [52].
Again their approach is for single appearance block
schedules. In contrast the buffer minimization proposed
in this paper is for software pipelined or overlapped
schedules.

8.

Conclusions

In this paper we have studied the problem of constructing rate-optimal schedules which also minimizes
buffer requirements of the constructed schedules. The
problem has been formulated, as a linear programming
problem called the MBRO formulation. A unique feature of our method is that it directly constructs schedules which minimize buffer requirement for the optimal
computation rate. The construction process also gives
the optimal unfolding factor for rate-optimal schedules. Further, in the proposed schedules the execution of
nodes from successive iterations do overlap, exploiting
software-pipelining. Lastly we have proposed a greedy
heuristic algorithm to perform buffer sharing among
the arcs of the RSFG to further reduce the memory
requirement of the MBRO schedules.
The proposed scheduling method is implemented
and a scheduling testbed is constructed to evaluate the proposed method on a set of DSP applications and on a set of randomly generated RSFGs. In addition to the MBRO formulation, the rateoptimal multi-rate scheduling method (MRSP) [9], the
Optimal Scheduling and Buffer Allocation (OSBA)
method [13], and the Periodic Admissible Parallel
Schedule method (PAPS) [1] have also been implemented. In a large majority of cases, the MBRO schedules perform significantly better than the MRSP and
the PAPS schedules in terms of buffer requirements.
Also, the MBRO schedules perform considerably better than the PAPS schedules in terms of computation
rate. The total execution time for the MBRO method
is comparable to MRSP or OSBA scheduling methods.
Lastly, the proposed buffer sharing algorithm further
reduces the memory requirement of MBRO schedules
in a large majority of the test cases.
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7.

8.

9.

Notes
1. Throughout this paper we do not consider processor resource
constraints while constructing optimal rate schedules. A discussion on including processor resource constraints is presented in
Section 4.2.
2. This assumption and the corresponding constraint (Inequality 4)
can be removed if desired, and hence is not a limitation of our
formulation. However, when relaxing this assumption one must
ensure that T is greater than 0, as there may not be any recurrence
cycle in the RSFG. Typically, in such cases, the values of T and r
are set to 1 in software pipelining.
3. For brevity, we have scaled the number of tokens produced/consumed by a node in the spectrum analyzer example.
However, tasks such as Peak Detector, will consume as many as
256 input samples to produce a single output.
4. In a single appearance schedule, each node appears exactly once
with a repetition count. A set of nodes may be grouped together
(nesting) and a repetition count can be associated with the grouping/nesting. Since each node (and hence the code for each node)
appears only once in the schedule, the software synthesis of the
schedule is compact and efficient in terms of program memory.
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