Method-of-moments analysis of the narrow-wall slot
array in a rectangular waveguide
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Abstract: The method-ol-moments has been used for the analysis of the nontesonant narrow-wall
slot array in a rectangular waveguide. As this approach works with the fundamental integral
equations that describe the entire array, no assumptions about the aperture electric fields are required.
Also, the equivalent circuit representation for the individual radiating slots used in earlier designs is
not required in the present method, as it deals directly with slot aperture voltages. The effects of
infernal higher-order and external mutual couplings, and finite wall thickness are rigorously
incorporaled in the design. Expressions are presented for the input reflection coefficient, transmission
coefficient, and the far-field radiation pattern of the array. Numerical results are compared with the
experimental results of a 78 element narrow-wall slot array. Good agreement has been observed

between theory and cxperiment,

1 Introduction

Waveguide slotted arrays are ideally suited for the gencra-
tion of low-sidelobe far-field palterns and are preferred in
several strategic applications. Fvery point in the distribu-
tion is individually determined by slot location and shape,
and these can be readily milled with precision. The theoret-
ical analysis and design tools are well developed and readily
available in the open literature for broad-wall slot arrays
[1=7). In 1978, Elliot and Kurtz [1] developed a design pro-
cecdure that would permit determination of the length and
offset of each slot in a limear/planar array of longitudinal
broad-wall slots once the desired pattern and input admit-
tance were specified. They presented an expression [or the
active admiltance of the slot in terms of slot voltages and
self and mutual admittances. Following a similar approach
they developed a design approach for nonresonantly
spaced broad-wall longitudinal slots [2] and waveguide-led
serics slot array [3] In 1983, an improved version of their
design procedure was presented [4] and then in 1986, Elliot
and FLoughlin [5] indicated how TL,, internal mutual
coupling could be approximated and folded into the design
formulas. Elliot’s procedure uses the characterisation data
of isolated slot. Elliot assumed that the electric ficld in each
slot is represented by a single sinusoid, with the slot discon-
tinuity represented by a shunt element on an cquivalent
transmission line. Even though the effect of finite
waveguide wall thickness is rigorously incorporated in ana-
lysing the isolated slot, its eflect is neglected in the design of
a slotted array. Gulick [6] presented a design approach for
linear and planar arrays of waveguide-fed broad-wall longi-
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tudinal slots using the method of moments (MoM). Sang-
ster and McCormick [7] presented a theoretical design and
synthesis of shunt slots on the broad-wall of a rectangular
waveguide.

The majority of the literature focused on the broad-wall
longitudinal offset slot arrays. A rigorous natrrow-wall slot
array design methodology is not available in the open liter-
ature, but the characterisation of the individval radiating
element and the mutual coupling cffccts have been cxlen-
sively studied by Prakash er al. [8-10]. Dion [12] presented
a continuous aperture model for the design of nonresonant
slot arrays. He presented an in-depth analysis on the beam
scanning, power leakage, etc. A comprehensive revicw of
the literature on waveguide slots and arrays has been pre-
sented by Rengarajan e «f. [13].

This paper presents a MoM-based analysis of the nonres-
onant narrow-wall inclined slot arrays. Since the funda-
mental integral equations that describe the array arc vsed
directly, no assumptions about the nature of the aperture
fields are required. The internal mutual coupling between
the slots 1o an arbitrary number of higher-order modes is
included, and the waveguide wall thickness is accounted for
rigorously, Expressions are presented for the input reflec-
tion coelTicient, transmission coefficient, and the far-field
radiation pattern of the array. The numerical results are
compared with the experimental results of a 78 clement
narrow-wall slot array. Good agreement has been observed
between the theory and the experiment.

2  Theory

Consider the schematic diagram of the narrow-wall slot
artay shown in Fig. 1. All the slots arc uniformly spaced
with an interslot spacing denoted by ¢. Successive slots are
alternatively tilted to give the required phase progression
across the array aperture. The waveguide wall thickness is
finite and the array is fed at one end by a matched genera-
tor with TE;, mode. A maitched load terminates the other
end of the array, and this cstablishes a travelling wave
inside the waveguide. This type of array is also known as a

11l Proc-Microw. Antennas Propag., Vol 147, No. 3, June 2000



nonresonant array. The cross-scctional dimensions of the
waveguide are chosen such that the only propagating mode
is the TE;y mode and all higher-order modes are cut oft at
the operating frequency. Let there be & slots in the array,
with the slot closest to the load designated as Mh slot and
that closest to the input end as the first slot.

load end
Z=T, plane

X

input end
Z=0plane |[+—dg—rp—d—h—d—sf——d——}—d—| Z

Fig.1  Schematic diagran of nareovw-wall stot fincar arvay

interior

=>

exterior

Fig.2  Placement of equivatent magnetic curvent densities for typical nth slor
n aivay

2.1 Coupled integral equations

As a result of TE q made excitation at the input end of the
array, an clectric field is established at the interior and the
exterior apertures of cach of the slots. Using the cquiva-
lence principle, the interior and the exierior apertures of
each of the slots are closed by a perfect electric conductor
and equivalent magnetic current densities are placed at the
shorted apertures as shown in Fig. 2, The unit tangential
vectors to the interior and exterior surfaces directed along
the slot centre arc denoted by S, and 8", respectively, The
magnetic current densities on the interior and cxterior aper-
tures arc denoted by M, and M, respectively.

A set of coupled integral equations are obtained for the
ath slot by equating the total tangential magnetic ficld
available on cither side of the interior and exterior aper-
tures.

N
——inl = = int —— —ine -
H”T’ (Mn) + Z Hn (Mf.') + HlO,n 'S“
=1
gr/:n
_ [Hﬂ

T

(-FL) + H,(-31,)| 5. (1)

at apoerfure 5,

[H(-M.) +H (-] .,

N
wyewl o B ) — -
= [EHS )+ YA (M| 5L @)
q=1
q#n
at aperiure S,
foralln=1,2, .., N— [, N, where H internal scaitered
magnetic field, H,* is the exiernal scattered magnetic field,
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H,¢ is the cavity scattered magnetic field, H{j5, is the
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incident TE,, magnetic field, and the subscript # stands for
the slot number. The two equations have o be satisfied
simultancously for all the & slols in the array.

2.2 Method of moments solution

The coupled integral equations (eqns, | and 2) are formu-
lated for all the slots, and arc solved using MoM. At the
interior and the exterior apertures of the nth slot, the mag-
nelic current densities are expanded as

M
M,=> arf; (3)
J=I
M, = o' fir (4)
=1

where af and o arc the unknown complex constants at
the interior und exterior apertures of mth slot corresponding
to the jth basis function, respectively, and f/ and £ arc
the known vector basis functions. For each slot in the
array, eqns. | and 2 represent a lincar system of 244 alge-
braic cquations in terms of the unknown complex expan-
sion coefficients o and o, ag scen from eqns. 3 and 4, For
an array of N slots, a system of 2MN cquations is
obtained. For the entive array these cquations are formu-
lated, rearranged and put in a matrix form [¥] [x] = [A]
where [¥] is the known matrix of 2MN x 2MN, [x] is the
unknown cocllicient matrix of 2MN x | and [#] is the
known excitation matrix o 2N x | in size. The resulting
maltrix cquation is given by

Lo I G B T g
[L'Yzl] [YZZ] [YB] L %YJN]

[YB .l] [Y:KZ] {Y:m] Y:i N]
] ]
[a(2)] [;,,(2)]
['B(q)} — [h.(;%)] (5)
[3;.(./\.1)} [h‘(}‘;)]

Each submatrix [V lorp, ¢ = 1,2, ..., N-- |, N, is ol size
2M % 2M, and the veetor [+7] is the unknown matrix of
size 2M x 1. The vector [FP] is the excitation matrix of size
2M x 1. Each row of the coefticient matrix in cqn. 5 repre-
senis the result of the inner product between the weighting
tfunctions and the scattered magnetic field at that particular
slot. The diagonal submatrices of [¥] represent the interae-
tions at a given slot due to the sowrce at the same slot,
namely self-reaction. The off-diagonal submatrices account
for the coupling effects from all other slots in the
waveguide, The cvaluation of the submatrix [¥*#] involves
only the self-reaction of the pth slot and does not include
the other slots. This matrix is exaclly the same as the
admittance matrix derived for the isolated narrow-wall slot
in [8].

The off-diagonal submatrices of the admiltance matrix
[¥] are given by

[qu] — ‘:[Y' 1 ,T”]] ‘L(;}

[ [y

where ¥,}'74 denotes the internal mutual coupling between
the slot p and slot ¢, ¥;77¢ denotes the external mutual

for p # ¢ (6)
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coupling, and the matrix [0] is the null vector. The evalua-
tion of the internal mutual coupling is carricd out using the
spectral domain waveguide Green’s [unction {8, 9]. To
demonstrate the significance of higher-order internal
mutual coupling, a test casc is taken up with two slots cut
on a WRI0 waveguide with same tilts and lengths of 15°
and 0.35A, respectively, at 9.375GHz. The distance
between the two slots is varied from 0.25 to 24, for the pur-
pose of the study, The contribution of the first four higher-
order modes to the internal coupling maitrix element is
computed with respect to that of TE,y dominant mode and
the values are plotted in Fig. 3. When the slots are scpa-
rated by more than 0.74,, the contribution of all higher-
order modes falls off to as low as 10 ? of that of the domi-
nant mode. For slot separations less than A, the TEy- and
TE-mode contributions are significant than that of TEqy,
mode. In view of these data, the higher-order mode cou-
pling between two edge slots inside the waveguide need to
be considered for successive slots only ic. |p — ¢ = L. Also
for any two successive slots, only the first three higher-
order modes, namely TE,;, TEy,, and TE,,, contribule sig-
nificantly to the internal coupling matrix. The cxternal scat-
tered fields are evaluated using S2DS technique, identical to
that employed by Prakash, ef of. [8-10].
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Given a nonresonant array of N inclined narrow-wall
slots, eqn. S is formulated, and the interior and the cxterior
aperture fields at each of the slots in the array are then
computed by solving this equation.

2.3 Array reflection and transmission
coefficients

The reflection and transmission coefficients of the array are
computed from the equivalent magnetic current densities at
the slot apertures. In Fig. 1, the reference plane for the z-
co-ordinate coincides with the plane where the input flange
is connected and is away from the centre line of the first
slot by d,. The input reflection coefficient is defined with
respect to the dominant TEy mode of propagation inside
the waveguide as

N M
Fio = wﬂuazbﬂmzza [ﬁml”’ 0)

g=1 j=1
—jsind, (%) Igéq(o)]
(")
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The transmission coefficient of the array is defined with
respect to the dominant TE;y mode at the output of the
array {(z = T, plane) as

N oM

T1t0|z:'1\ =1-= wm)azbﬂlo Z Z %

=1 j=1
x [~ L (m) = sing, () pia(r] et
a
(8)
where w is the angular frequency, g, 1s the frec-space per-

mittivity, i is the TE;, mode phase constant. The param-
eters /4 and [ arc given by

a 2hpant /2

[ SJ:" sin [éj—%((gq —a+ {BI):I

at by 2=zl w2

1i%(z)=

x ¢Vl gy g

(9)
9,0 -~ " in 4 —Tiofz—2"[ g, q.t
I99(2) = sin '+ Ly)|e dy' dz
: oL,

y'E

(10)
and
!
Sy =sin [ ~— 1
sin ( " ) (11)
& =2y + L1, 8ind,
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where Fyg is the TE,y mode propagation constant, w' is the
slot width, ¢, and L, are the depth of cut and length of slot
4, respectively, a and b are the broad- and narrow-wail
dimensions of the waveguide, respectively, and z, is the z-
co-ordinate of the centre of the gth slot, The radiated field
for a linear array of N radiators with uniform spacing of o
can be expressed as the product of the clement factor and
the array factor. Since the element factor is a slowly vary-
ing function of 8 and ¢ and is very broad in nature, all the
fing structure in the radiation pattern comes from the array
factor. Under this approximation, the radiated ficld of the
array is given by

N M

F(Q/) Z Z O{In gin J: :} C—]}cndcos & (13)

n=1 =1

where ¢ is measured with respect to the array axis.
3 Results

To validate the MoM formulation presented in the previ-
ous Sections, the S|y, Sy, and the far-field patterns of a 78
element sidewall inclined-slot nonresonant array have been
computed. This readily available experimental 78 element
array was originally designed at 9.05GHz using Dion’s
method [11], with a beam squint of 0.8° away from the
antenna boresight, and tilted towards the load end. The
interelement spacing is 2.456cm. The slot width is 2.5mm
and all the slots are taken to be of same width. A spacing
of 5.02cm is left at the input end for connecting the flange
and 3.1lem is left at load cnd for connecting a push-fit
matched load. The total length of the array, including the
input/output spacing, becomes 1.973m. The inclinations
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and depth of cuts on the broadwall of each of the slots in
the array are presented in Fig. 4.
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Using these nonresonant avray parameters and slot incli-
nations and depth of cuts on the broadwall of the array
given in Fig. 4, the 5, and S5 of the array have been com-
puted at a sct of discrete frequency spots using the MoM
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analysis and presented in Figs. § and 6. These parameters
of the array are also measured with a TIP8510B vector net-
work analyser, sampled at the same set of frequency spots
and presented in Figs. 5 and 6 for comparison. The S-
parameters as a [unction of frequency exhibit similar trend
for both the theoretical and experimental data. The com-
puted Sy reaches a high valuc of —4.195dB at 8.93GHz,
while the measured value is - 3.9dB at the same frequency.
Also, the computed S, is -14.86dB while the measured
value is —16.9dB at 8.93GHz. The discrepancy between the
theory and experiment could be atiributed to various
mechanical aspects like the machining errors in slot tilt,
depth of cut, nonuniformity of interslot spacing, cte. Also,
the array is nearly 2m in length and any slight bow in the
array would get magnified from onc end to the other. In
view of these mechanical limilations it is scen that good
agtcement is obtained between the simulaled data and
experimental values over the band of {requencies.
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A plot of the aperture amplitude and phase distribution
of the array computed using the MoM analysis at
9.05GHz is presented in Fig, 7. The aperture cxcitation for
which the array was originally designed is also presented.
The MoM analysis showed that the amphtude distribution
of the array is asymmctrical and the aperture phase instead
of being linearly progressive, has an crror component
superimposed on it. Onc of the critical parameter is the far-
ficld paticrn of the array. This pattern has been computed
using the MoM analysis and is shown in Fig. 8 along with
the measured pattern at 9.05GTHz. The measurement of the
array has been carried out in an open test range [14], with
the test antenna mounted on a three-axis positioner (capac-
ity of | tonne) at the receiving end. The three-axis posi-
tioner can hold a planar antenna of more than 3m height
and 7m in length. The elevation can rotate [rom +45 to
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~90° the top azimuth has 360° continuous rotation, and
the bottom azimuth has 2240° rotation. The open test
range has 1.0km separation between the transmitter and
receiver. The receiver is Scientific Atlanta 1783SA and the
pattern recorder is 1580SA. The transmitting antenna is a
parabolic reflector, with a Scientific Atlanta synthesised
source 21808A, In Fig. 8, cach major division along the
horizontal axis corresponds to 5°, and that along the verti-
cal axis corresponds to 2dB. This amounts to a scaling of
0 to —40dB along vertical axis and +45° along horizontal
axis. There is good agreement between the results com-
puted using the MoM analysis and the experimental
results. The dominant feature of the pattern is a shoulder/
kink in the right side of the mainbeam. This turns out to be
at —18.59dB level at +1.53° away from the main beam as
predicted by theory, From the experimental resulis of
Fig. 8, this shoulder/kink is at -18.4dB level at +1.9° from
the mainbeam. The first peak lefl sidelobe and right
sidelobe levels are found to be —27.06 and -28.23dR,
respectively; while the experimental data shows a -27 and
~25.8dB left and right sidelobe levels, Except for the first
few sidelobes, all other sidelobe peaks are below —30dB
which is also the case for the simulated far-field pattern.
The cxperimental and theorctical half-power beamwidths
are 1.45 and 1.2°, respectively.
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Fig.8  rur-field patierns of nareow-well stot array at 9.05 GHz
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Good agreement is found between the measured electri-
cal characteristics and the theoretical computed data, Cer-
tain errors like the machining errors, measurement crrors,
cle. influence the array performance strongly and are
extremely difficult to model. Also, modelling large arrays is
computationally complex and the growing numerical crrors
would limit realisable accuracy. In view of these limitations,
it can be said that the MoM-based approach presented
here can predict the electrical characteristics of the narrow-
wall inclined slot array with a reasonably good accuracy.
Given a linear array of narrow-wall slot radiators cut on a
rectangular waveguide, the performance of the array can be
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judged using the present analysis a priov, instead of resort-
ing to a time-consuming and costlicr process of fabrication
and testing.

4  Conclusion

A MoM-based formulation has been presented for the
analysis of wavepuide-fed narrow-wall slot arrays. As this
approach works with the fundamental integral equations
that describe the entive array, no assumptions about the
apertlure clectric ficlds are required. Also, the equivalent cir-
cuit representation for narrow-wall slots used in the eatlier
designs is not required, as it deals directly with slot aperture
voltages. The effects of the internal higher-order and the
external mutual couplings, and the finite wall thickness are
rigorously incorporated in the design. Theoretical deriva-
tions are presented for the performance cvaluation of the
array, namely, the input reflection coefficient, transmission
coefficient, (ar-ficld patterns, aperture voltages, etc. The
theoretical formulation has been validated by comparison
with the experiments. This MoM-based analysis is com-
pletely general and can be extended to vesonant slot arrays,
arrays with nonuniformly spaced slots, ete.
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